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Abstract
A non-perturbation formalism underlying a quantum theory of gravity is revisited by exploiting a two
form in a non-linear U(1) gauge theory on a D4-brane. In particular, we explore two different gauge
choices for a two form underlying the dynamics of a higher dimensional geometric torsion in a second
order formalism. We obtain two non-extremal quantum Kerr geometries in five dimensions on a pair of
(DD¯)4-brane in a type IIA superstring theory. In the gauge choice, the quantum vacua may seen to underlie
a non-propagating torsion on a non-BPS brane. It is argued that the quantum Kerr vacua undergo tunneling
and lead to a five dimensional Einstein Kerr black hole in a low energy limit.
© 2013 The Authors. Published by Elsevier B.V.
1. Introduction
The holographic idea [1], underlying bulk/boundary correspondences, has been established
as a powerful tool to explore certain aspects of quantum gravity through a gauge theory or
vice-versa. It is believed that the bulk physics underlying quantum gravity may emerge from
a boundary gauge theory. An emergent gravity has also been conjectured to arise due to the sta-
tistical behavior of microscopic degrees encoded on a holographic screen [2]. In fact, an emergent
gravity has been a recent topic of great interest in the folklore of theoretical physics [3,4]. In the
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be a potential candidate in string theory.
In the recent past, there have been attempts to construct extremal geometries on a BPS
D-brane in various dimensions [5–21]. They correspond to the near horizon black holes pri-
marily described in a ten dimensional type IIA or type IIB superstring theory. For instance,
a vacuum geometry in an open string bulk approaches its boundary at the black hole horizon
and may be identified with a near horizon geometry. On the other hand, a BPS D-brane is de-
scribed by a non-linear gauge theory and the non-linear electric charge has been pioneered to
govern an extremal black hole. The emerging geometries on a D-brane, alternately underlie a
non-commutative space–time on its world-volume. In a different context, a non-commutative
space–time has also been explored to address an emergent gravity in a non-linear U(1) gauge
theory [22–30].
Importantly a non-linear U(1) on a single D-brane may be viewed through a modification of
the linear U(1) symmetry in presence of a zero mode of NS–NS two form. In other words, a zero
mode in the string bulk couples to an electromagnetic field on a D-brane to form a non-linear
U(1) gauge invariant combination [31]. The non-zero mode remains in the string bulk and pre-
sumably does not play any significant role on a BPS D-brane. In the context, a non-zero mode
has also been conjectured to describe an arbitrary non-commutative parameter on a D-brane and
hence is believed to modify the curvature in the theory. Presumably a non-zero mode, of the
NS–NS two form, has not been explored to its full strength in an open string world-sheet. Hence
a non-zero mode remains a subtle issue from the perspective of an open string world-sheet. Nev-
ertheless, a closed string world-sheet conformal symmetry in presence of the non-zero modes of
a two form lead to the vanishing of beta function equations and re-assures a superstring effective
action in ten dimensions. Thus the non-zero modes do propagate in an effective space–time the-
ory of a closed string. Generically their dynamics do not seem to influence the non-linear gauge
theory on an arbitrary D-brane. However the non-linear gauge dynamics on a D4-brane may
seen to be described by the non-zero modes of a two form. They lead to a generalized curvature
formulated on an effective D4-brane in a second order formalism [32–36].
On the other hand a two form gauge theory is Poincare dual to an one form dynamics a
D4-brane. The local degrees of a two form have been exploited on a D4-brane to construct a
geometric torsion dynamics in a non-perturbation theory of quantum gravity. In fact a geometric
torsion has been constructed through a modification of the covariant derivative in presence of two
form connections in a non-linear gauge theory. The iterative corrections in two form gauge con-
nection lead to an exact description in a perturbative gauge theory. This, in turn, may be viewed
as a non-perturbative geometric construction in a second order formalism. A priori, a geometric
torsion breaks the U(1) gauge invariance in the gauge theory. However the gauge invariance is
restored in a generalized curvature theory with the help of an emergent metric fluctuation. The
local degrees of two form sources the fluctuations and they incorporate the notion of a dynamical
space–time curvature on a D4-brane. The emergent space–time may also be viewed through a
two form gauge connection which takes an analogues form to the Christoffel metric connection
in Riemannian geometry. In a gauge choice for a two form, leading to a non-propagating torsion,
the emerging fourth order curvature tensor reduces to a Riemannian curvature [33]. It may imply
a generalization of Riemannian tensor to a special Cartan tensor. It asserts a generalized notion
of quantum geometry described by a geometric torsion.
One of the important aspects of the formalism lies in the non-extremal nature of the emergent
geometries. It is important to note that the geometries are sourced by a non-trivial energy–
momentum tensor underlying a two form gauge theory. The emergent geometries have been
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extra stringy dimension, transverse to a BPS brane, presumably connects an anti BPS brane and
together they lead to a non-BPS brane [37–40] in a global scenario. Since the formalism evolves
with an intrinsic torsion, a (DD¯)-brane is inevitable to nullify the torsion while establishing a
correspondence with a known vacuum in Einstein gravity. However the black hole mass gener-
ated by the torsion remains non-trivial in the global scenario described by a pair of (DD¯)-brane.
In the recent past, the emergent geometries have been argued to describe a large density of tun-
neling vacua including de Sitter and anti de Sitter black holes [32]. The large density of emergent
vacua may be viewed via gauge transformations of two form. Presumably they correspond to the
landscape vacua in string theory [41–43].
In the paper we construct two emergent Kerr geometries leading to a quantum black hole in
five dimensions on a non-BPS brane. We show that the quantum Kerr vacua in a low energy limit
describes a five dimensional Kerr black hole [44–49] in Einstein gravity underlying a closed
string theory. A vanishing torsion, in both the gauge choices for a two form, ensures Riemannian
geometry and a vacuum Tμν = 0 solution in a generalized curvature formulation. It is argued
that the background fluctuations in B2 on a D-brane may have their origin in a dynamical two
form described by a ten dimensional effective closed string action. In particular, one of the two
quantum vacua in a low energy limit may a priori be viewed as a stringy Kerr vacuum. Nev-
ertheless, the low energy stringy Kerr vacuum may seen to characterize a Kerr black hole in
Einstein vacuum with a subtlety. The limit truncates both the quantum Kerr geometries in the
non-perturbative framework. On the other hand, the extra stringy dimensions in the framework
may be scaled down with the θ -slicing geometries. They help to identify a stringy Kerr vacuum
with a five dimensional Kerr black hole for a fixed polar angle. Analysis presumably suggests a
tunneling between various quantum vacua on a non BPS brane. The quanta of radiations from the
tunneling processes would like to lower the energy of the nucleated vacuum which in turn may
lead to Einstein vacuum. In the context, the wall crossings analysis [50–53] may provide hint
to understand the transitions between some of the non-perturbative braneworld black holes. In
other words, an exact geometry in perturbation theory validates a non-perturbative construction
realized through a geometric torsion on a non-BPS brane.
We plan to begin Section 2 with a moderate introduction to a non-perturbative geometric
construction leading to a generalized curvature theory on a non BPS brane. In Section 3 and in
Section 4, we work out the five dimensional quantum Kerr geometries sourced by two different
gauge choices for a two form. We conclude by summarizing the results obtained in quantum
gravity and an outlook beneath our future research within the scope of the formalism in Section 5.
2. Preliminaries: Setup on a D4-brane
2.1. A perturbative setup: Gauge theoretic curvature
A BPS brane carries an appropriate RR-charge and is established as a non-perturbative dy-
namical object in a ten dimensional type IIA superstring theory. In particular, a D4-brane is
governed by a supersymmetric gauge theory on its five dimensional world-volume. However, we
restrict to the bosonic sector and begin with the U(1) gauge dynamics, in presence of a constant
background metric gμν , on a D4-brane. A linear one form dynamics is given by
SA = − 14C2
∫
d5x
√−gF 2, (1)1
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√
α′ denotes the gauge coupling. Remarkably, a non-linear U(1) gauge
symmetry is known to be preserved in an one form theory in presence of a constant two form
on a D-brane. In the past, there were several attempts to approximate a non-linear U(1) gauge
dynamics by Dirac–Born–Infeld action coupled to Chern–Simons on a BPS D-brane [54,55].
The BPS brane dynamics is known to describe an extremal black hole which corresponds to a
near horizon geometry in a string theory.
In the context, a non-linear U(1) gauge dynamics may also be re-expressed in terms of a two
form alone on a D4-brane. The Poincare duality allows one to address the one form non-linear
gauge dynamics in presence of a constant two form. The alternate gauge theoretic description by
a two form incorporates a non-linear charge and hence leads to a notion of an effective D4-brane.
In addition a Poincare duality interchanges the metric signature between the original and the dual.
The two form gauge theory on a D4-brane may be given by
SB = − 112C22
∫
d5x
√−gH 2, (2)
where C22 = (8π3gs)α′ 3/2 denotes a gauge coupling. The field strength Hμνλ is governed by the
equations of motion of a two form, in presence of a flat background metric gμν , in a U(1) gauge
theory. Explicitly, the B2 field equations of motion are given by
∂λH
λμν + 1
2
gαβ∂λgαβH
λμν = 0. (3)
2.2. A non-perturbative setup: Generalized space–time curvature
The local degrees in two form have been exploited to construct a space–time curvature scalar
K(5) in a second order formalism [32–36]. The generalized curvature is primarily sourced by a
two form gauge theory on a D4-brane. It has been shown that the space–time effective curvature
description becomes essential with a geometric torsion.
Generically an irreducible scalar K governs a geometric torsion Hμνλ, which is primarily
described by a gauge theoretic torsion Hμνλ = 3∇[μBνλ] on a D4-brane. Unlike the extremal
brane geometries, the dynamics of a torsion on an effective D4-brane addresses some of the
non-extremal quantum vacua in string theory. In fact, the emergent black holes are described
by a pair of brane and anti-brane separated by a transverse small dimension in the framework.
The (DD¯)4-pair breaks the supersymmetry and may describe a non-BPS brane in string theory.
Most importantly, an emergent quantum black hole in a low energy limit may seen to describe a
classical vacuum in Einstein gravity.
A priori, the required modification to incorporate a geometric notion on a D4-brane may be
viewed through a modified covariant derivative defined with a completely antisymmetric gauge
connection: Hμνλ. The appropriate covariant derivative may be given by
DλBμν = ∇λBμν + 12Hλμ
ρBρν − 12Hλν
ρBρμ. (4)
Under an iteration H3 →H3, the geometric torsion in a second order formalism may be defined
with all order corrections in B2 in a gauge theory. Formally, a geometric torsion may be expressed
in terms of gauge theoretic torsion and its coupling to two form. It is given by
Hμνλ = 3D[μBνλ]
= 3∇[μBνλ] + 3H[μναBβλ] gαβ
= Hμνλ +
(
HμναB
α
λ + cyclic in μ,ν,λ
)+ HμνβBβαBαλ + · · · . (5)
220 S. Singh et al. / Nuclear Physics B 879 (2014) 216–234An exact covariant derivative in a perturbative gauge theory may seen to define a non-perturbative
covariant derivative in a second order formalism. Thus, a geometric torsion, constructed through
a non-perturbative covariant derivative (4), may equivalently be described by an appropriate cur-
vature tensor Kμνλρ which is worked out in Ref. [32]. Explicitly,
Kμνλρ = 12∂μHνλ
ρ − 1
2
∂νHμλρ + 14Hμλ
σHνσ ρ − 14Hνλ
σHμσ ρ,
Kμν = −
(
2∂λHλμν +HμρλHλνρ
)
and K= −1
4
HμνλHμνλ. (6)
The fourth order tensor is antisymmetric within a pair of indices, i.e. μ ↔ ν and λ ↔ ρ, which
retains a property of Riemann tensor Rμνλρ . However the effective curvature Kμνλρ do not
satisfy the symmetric property, under an interchange of a pair of indices, as in Riemann tensor.
Nevertheless, for a constant torsion the generic tensor:Kμνλρ → Rμνλρ . As a result, the effective
curvature constructed in a non-perturbative framework may be viewed as a generalized curvature
tensor. It describes the propagation of a geometric torsion in a second order formalism.
2.3. Emergent metric fluctuations
A geometric torsionH3 in a second order formalism may seen to break the U(1) gauge invari-
ance of a two form in the underlying gauge theory. Nevertheless, a metric fluctuation sourced by
the local degrees in a two form restores the gauge invariance in an underlying space–time scalar
curvature K. The quantum fluctuations turn out to be governed by the fluxes and are given by
f nzμν = CHμαβH¯αβν ≈ CHμαβH¯αβν, (7)
where C is an arbitrary constant and H¯μνλ = (2πα′)Hμνλ. The curvature tensor may also be
viewed though a geometric field strength F2, which is Poincare dual to H3 on a D4-brane. Then,
a geometric F2 may be given by
Fαβ =DαAβ −DβAα
= (Fzαβ +HαβδAδ), (8)
where F¯zαβ = (2πα′)Fzαβ = (F¯αβ + Bzαβ) is defined with a zero mode Bzμν on a D4-brane. It is
gauge invariant under a non-linear U(1) transformation [31] and is identified with a non-linear
electro-magnetic field. Apparently a non-zero H3 breaks the U(1) gauge invariance. Neverthe-
less, an action defined with a Lorentz scalar F2 retains the gauge invariance with an emerging
notion of metric fluctuations in the formalism. Then, the fluctuations (7) in its dual description
may be given by
f nzμν = C˜F¯μαF¯αν, (9)
where C˜ is an arbitrary constant. The dynamical fluctuations in Eqs. (7) and (9) modify the
constant metric on a D4-brane. Then the emergent metric on a D4-brane becomes
Gμν =
(
Gzμν + CH¯μλρ Hλρν
)
= (Gzμν + C˜F¯μλF¯λν). (10)
The fluxes in a bilinear combination are gauge invariant and hence an emergent metric ap-
pear to be unique. However an analysis reveals that the emergent metric may not be unique
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B2-fluctuations do play a significant role to define the emergent geometries in a non-perturbative
formalism. They lead to a generalized emergent metric on a D-brane. It may be given by
Gμν =
(
gμν − BμλBλν + C H¯μλρHλρν + C˜F¯μλF¯λν
)
. (11)
The background fluctuations, arising out of the non-dynamical components in Bμν , may seen
to deform the brane geometries significantly. They may lead to a large number of vacua and
may correspond to the landscape quantum geometries in the formalism. The background fluc-
tuations in two form may have their origin in a higher dimensional gauge theoretic torsion H3.
They may couple to an electro-magnetic field in higher dimensions to define a gauge invariant
non-linear Fz2 . The gauge dynamics on a D4-brane, in presence of gauge connections, may be
approximated by an irreducible generalized curvature theory in a second order formalism. A pri-
ori, the effective curvature may seen to describe a geometric torsion dynamics on an effective
D4-brane [32,33]. A construction of a geometric torsion in a non-perturbative framework is in-
spiring and may provoke thought to unfold certain aspects of quantum gravity. Generically, the
action may be given by
SeffD4 =
1
3C24
∫
d5x
√−G(K− Λ), (12)
where C24 = (8π3gs)α′ 3/2 is a constant and G = detGμν . The cosmological constant Λ, in the
geometric action, is sourced by a zero mode in the theory. The covariant derivative satisfies
DλGμν = 0. Thus an emergent metric uniquely fixes the covariant derivative. On the other hand,
the effective non-perturbation curvature formalism may formally be viewed as a non-linear U(1)
gauge theory. The energy–momentum tensor may be given by
Tμν = 16 (Λ −K)Gμν −
1
8Cπα′
f nzμν
= 1
6
(Λ −K)Gzμν +
(
Λ −K
6
− 1
8Cπα′
)
f nzμν. (13)
The trace of energy–momentum tensor on a D4-brane becomes
T = K
6
+ 5Λ
6
. (14)
It ensures that a vacuum, i.e. T = 0, may be defined in a gauge choice for K(5) = 0 and Λ = 0.
With a gauge Λ = (3/πα′) +K, the Tμν may be viewed to source an emergent quantum geom-
etry. It is given by
Tμν =
(
Gzμν
2πα′
+
[
C − 1
4
]
HμλρHλρν
)
=
(
Gμν
2πα′
− 1
4
HμλρHλρν
)
. (15)
It sources the dynamics of a geometric torsion in a generalized curvature theory. A higher di-
mensional Tμν can source a lower dimensional background fluctuations in two form on a brane.
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In this section we focus on a five dimensional aspect of a generalized curvature underlying a
non-linear U(1) gauge theory on a D4-brane. We use a gauge choice for a two form to construct
a quantum Kerr black hole in an emergent gravity scenario.
A priori, an effective D4-brane may seen to be influenced by a generic torsion. Nevertheless,
we argue that a geometric torsion completely decouples to yield a stable vacuum in the semi-
classical and in the quantum regime. Formally, the equations of motion (3) may alternately be
viewed through DλHλμν = 0. However, the gauge invariance in presence of a geometric torsion
enforces a space–time generalized curvature. In the paper, we consider a flat background metric
in Boyer–Lindquist coordinates. It is described by a Minkowski vacuum on a D4-brane. The
line-element is given by
ds2 = −dt2 + ρ
2
Δ
dr2 + ρ2 dθ2 + (r2 + a2) sin2 θ dφ2 + (r2 + b2) cos2 θ dψ2,
where ρ2 = (r2 + a2 cos2 θ + b2 sin2 θ) and Δ = 1
r2
(
r2 + a2)(r2 + b2). (16)
The effective radii at the pole(s) and on the equator are, respectively, denoted by ρp =
√
r2 + a2
and ρe =
√
r2 + b2. The range of the angular coordinates are: (0 < φ < 2π, 0 < ψ < 2π, 0 <
θ < π ). They may be expressed by the Cartesian coordinates:
x = ρp sin θ cosφ, y = ρp sin θ sinφ,
z = ρe cos θ cosψ, w = ρe cos θ sinψ. (17)
The coodinates ensure a circle in xy-plane for a fixed θ 	= 0 and π . Similarly, they describe a
circle in wz-plane for a fixed θ 	= π/2. The equations are:(
x2 + y2)= ρ2p sin2 θ and (z2 + w2)= ρ2e cos2 θ.
Thus the Minkowski line element is characterized by an underlying ring, which orients itself
from a wz-plane at the poles to a xy-plane on the equator.
3.1. Two form ansatz-I
An emergent Kerr vacuum in five dimensions, leading to a Kerr black hole in Einstein gravity,
enforces a non-propagating torsion in the generalized curvature theory on a (DD¯)4-brane. A tor-
sion free gravity ensures a vacuum Tμν = 0 in the formalism. In the context, a gauge choice for
a two form may be worked out to yield:
Btr =
√
2M
Δ
,
Bθψ = b
√
2M cos2 θ,
Bθφ = a
√
2M sin2 θ,
Brθ = ρ
(
2 + 2M − ρ
2
Δ
+ 2M − Δ
ρ2
)1/2
= ρ
(M+ − M−2
)1/2
, where M± = (Δ − ρ2 ± 2M). (18)Δ ρ
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constants (a, b,M) > 0 are arbitrary and they may be identified with the conserved quantities
defined in an asymptotic regime underlying an effective geometry on a brane. Interestingly, the
spherical symmetry breaking parameters (a and b) are associated with the angular components
of a two form potential. The ansatz is an artifact, underlying a geometric engineering, to view
a most generalized vacuum established in a 5D Einstein gravity in a low energy limit from a
non-perturbative quantum vacuum.
The gauge choice re-assures a vanishing torsion H3 = 0 =H3 and F2 → Fz2 → F2, in pres-
ence of a B2-fluctuation on a D4-brane. Nevertheless, a non-propagating geometric torsion may
have its origin in a higher dimensional D-brane. Thus a non-propagating torsion on a D4-brane
may possess local degrees in a higher dimensional brane. A linear F2 may be gauged away to
signify that an emergent quantum geometry on a D4-brane is a priori sourced by a background
fluctuation in B2. It reassures a generalized nature of the irreducible curvature scalar K underly-
ing a geometric torsion in a non-perturbation theory of quantum gravity.
3.2. Quantum Kerr black hole: ansatz-I
In a gauge choice the generic metric (11) underlying a generalized space=-time curvature
theory on an effective D4-brane reduces drastically. It takes a form:
Gμν →
(
gμν − BμλgλρBρν
)
. (19)
Explicitly the emergent metric components, on a brane, are worked out to yield:
Gtt = −
(
1 − 2M
ρ2
)
,
Grr =
(
1 − M
−
ρ2
)
,
Gθθ = 2M
(
2 − ρ
2
Δ
)
+ ΔGrr
= ρ2 +
[
M+ + Δ(Grr − 1) + 2M
Δ
(M+ − 2M)]
= ρ2 + ρ20 ,
Gφφ =
(
r2 + a2 + 2a
2M sin2 θ
ρ2
)
sin2 θ,
Gψψ =
(
r2 + b2 + 2b
2M cos2 θ
ρ2
)
cos2 θ,
Gtθ = −
√
2MΔ
ρ
(M+
Δ
+ Grr − 1
)1/2
,
Grφ = −a
√
2M
ρ
(M+
Δ
+ Grr − 1
)1/2
sin2 θ,
Grψ = −b
√
2M
ρ
(M+
Δ
+ Grr − 1
)1/2
cos2 θ,
Gφψ = 2abM2 sin2 θ cos2 θ. (20)ρ
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by
ρ4 
 (M2, a4, b4), with ρ2 > (M,a2, b2), for a fixed α′.
The limits imply r4 
 (M2, a4, b4) with r2 > (M,a2, b2), which naturally forbid r → 0 on a
brane geometry. The brane window truncates the ultra high energetic deformations present in
a full quantum theory of gravity. In the regime, the emergent metric component Grr may be
approximated to yield:
Grr →
(
1 − 2M
ρ2
+ (a
2 sin2 θ + b2 cos2 θ)r2 + a2b2
r2ρ2
)−1
. (21)
In the limit: (Grr − 1) ≈ (1 − G−1rr ). The emergent causal patches in the regime on a brane may
imply a rotating black hole characterized by an event horizon and an ergo-sphere. The horizon
radii r± are computed from G−1rr = 0. A priori, they are given by
r± = 1√
2
(
2M − a2 − b2 ±
√(
2M − a2 − b2)2 − 4a2b2 )1/2
= √M
(
1 −
(
a2 + b2
2M
)
±
√
1 +
(
a2 − b2
2M
)2
−
(
a2 + b2
M
))1/2
. (22)
At the horizons, the effective radii are:
ρ± =
(
r2± + a2 cos2 θ± + b2 sin2 θ±
)1/2
.
An extremal limit is worked out for a 5D Kerr quantum black hole to yield 2M = (a + b)2.
Interestingly, an extremal horizon radius at r → r+ = r− =
√
ab is independent of M .
The geometric patches (20) enforce a lower bound on its mass, i.e. M  (a2 + b2), for a 	= b.
The black hole mass for a = b satisfies an inequality M > (a2 + b2). Generically for all a and b,
the lower bound is
√
M  (a + b). The torsion geometry leads to a spinning black hole defined
with an ergo sphere. The ergo radius is computed from Gtt = 0 and we obtain (Figs. 1, 2)
rergo =
√
2M − a2 cos2 θ − b2 sin2 θ
=
√
2M − a2
(
1 + a
2 − b2
2M − a2 sin
2 θ
)1/2
. (23)
For a 	= b, the ergo radius varies with polar angle from √2M − a2 at poles to √2M − b2 on the
equator. When a = b, the ergo radius turns out to take a fixed value √2M − a2.
An interchange dt ↔ dr in the off-diagonal patch may introduce some of the appropriate
conserved charges in the quantum Kerr black hole. The interchange flips: (two charges and Ωθ )
↔ (Ωφ , Ωψ , and a charge). However, the causal quantum patches remain unchanged under the
interchange and they retain the characteristic of a quantum Kerr black hole. Under dt ↔ dr in
the off-diagonal metric components, the emergent metric becomes
ds2 = −
(
1 − 2M
ρ2
)
dt2 + (ρ2 + ρ20)dθ2
+
(
1 − 2M2 +
(a2 sin2 θ + b2 cos2 θ)r2 + a2b2
2 2
)−1
dr2ρ r ρ
S. Singh et al. / Nuclear Physics B 879 (2014) 216–234 225Fig. 1. Variations of rergo with the polar angle θ , for (i) b > a and (ii) for a > b, in a 5D Kerr black hole. They differ
by a phase of π/2. A generic ergo sphere with a varying radius for a 	= b, or a fixed radius for a = b, covers the event
horizon. However for certain polar angles, a new conserved charge may seen to describe the Kerr geometry, which may
be viewed at the expense of a vanishing angular momentum.
+
(
r2 + a2 + 2a
2M sin2 θ
ρ2
)
sin2 θ dφ2
+
(
r2 + b2 + 2b
2M cos2 θ
ρ2
)
cos2 θ dψ2 + 4abM
ρ2
sin2 θ cos2 θ dψ dφ
− 4M
ρ
(
2 +
(
1 − G−1rr
2M
)[
Δ − ρ2])1/2 dr dθ
− 4aM
ρ
√
Δ
(
2 +
(
1 − G−1rr
2M
)[
Δ − ρ2])1/2 sin2 θ dφ dt
− 4bM
ρ
√
Δ
(
2 +
(
1 − G−1rr
2M
)[
Δ − ρ2])1/2 cos2 θ dψ dt. (24)
A priori, the emergent geometry describes a quantum Kerr black hole in five dimensions. Under
r → −r , an emergent Kerr black hole on a D4-brane transforms to that on an anti D4-brane.
The D¯4- and D4-propagate, respectively, along −r and +r in the near horizon. They move along
the opposite time-like directions connecting the infinite past to the infinite future within the event
horizon. Their geometries would differ only by a sign in the Grθ component. In a global scenario,
i.e. a pair of (DD¯)4-brane, the charge due to the Grθ may seen to nullify in a quantum Kerr black
hole. Then the appropriate, non-extremal, quantum geometry on a pair of (DD¯)4-brane is given
by
ds2 = −
(
1 − 2M
ρ2
)
dt2 + (ρ2 + ρ20)dθ2
+
(
1 − 2M
ρ2
+ (a
2 sin2 θ + b2 cos2 θ)r2 + a2b2
r2ρ2
)−1
dr2
+
(
r2 + a2 + 2a
2M sin2 θ
ρ2
)
sin2 θ dφ2
+
(
r2 + b2 + 2b
2M cos2 θ
2
)
cos2 θ dψ2 + 4abM2 sin2 θ cos2 θ dψ dφρ ρ
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However, the ergo sphere apparently shrinks with an increased value of the background parameter: a for fixed (M,b)
or b for a fixed (M,a) and vice-versa. It implies that a macroscopic black hole may also be described in a limit of an
extremely small a- or b-perturbations to the S3-symmetric vacuum on a D4-brane.
− 4aM
ρ
√
Δ
(
2 +
(
1 − G−1rr
2M
)[
Δ − ρ2])1/2 sin2 θ dφ dt
− 4bM
ρ
√
Δ
(
4M
Δ
+ (1 − G−1rr )[Δ − ρ2]
)1/2
cos2 θ dψ dt. (25)
A non-zero ergo radius (23) incorporates an angular velocity into the brane black hole. It is
computed at the event horizon to yield:
Ωφ = −
(
aρ+
r+
)√(a2 sin2 θ+ + b2 cos2 θ+ + 4M)r2+ + a2b2
ρ2+(r2+ + a2) + 2Ma2 sin2 θ+
≈ −a
√
a2 + b2 + 4M
r3+
and
Ωψ = −
(
bρ+
r+
)√(a2 sin2 θ+ + b2 cos2 θ+ + 4M)r2+ + a2b2
ρ2+(r2+ + b2) + 2Mb2 cos2 θ+
≈ −b
√
a2 + b2 + 4M
r3+
. (26)
It shows that a microscopic black hole spins much faster than a macroscopic black hole. The
curvature singularity in RμνλρRμνλρ in the quantum Kerr black hole is at ρ → 0. In the limit, the
curvature singularity is described by the equation of a circle. Generically they are given by(
x2 + y2)= (a2 − b2) sin4 θ and (z2 + w2)= (b2 − a2) cos4 θ.
They imply a ring singularity on a equatorial plane for a > b and at poles for a < b. In a sim-
plified case for a = b, the 5D Kerr black hole may seen to possess a point singularity. The
curvature singularity at ρ → 0, in the quantum Kerr black hole, reduces to ρp → 0 on the equa-
tor and ρe → 0 at the poles. Since the curvature singularity at ρ → 0 is not accessible for the real
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ometry on a non-BPS brane. The forbidden limit ρ → 0, may imply an intrinsic minimal length
scale in the quantum Kerr black hole.
In fact a minimal scale is sourced by a two form in a type IIA superstring theory. Thus a
quantized two form sources a quantum Kerr black hole (25) obtained in a non-perturbative space–
time curvature formalism on a D4-brane. The presence of an apparent sixth dimension between
a pair of (DD¯)4-branes may underlie an one form and reconfirms a non-perturbative nature in
the quantum theory. In other words, a six dimensional dynamical torsion curvature K(6) on S1
sources a torsion-less quantum Kerr vacuum in five dimensions. Generically, a non-perturbative
correction [33] may become visible in presence of an electric or magnetic non-linear charge
sourced by an one form. However the Poincare duality, in a five dimensional brane world, hides
a non-perturbative correction within its quantum geometry sourced purely by a two form. Thus,
a quantum Kerr black hole in five dimensions may alternately be described by an exact vacuum
in a perturbation theory underlying a two form. A non-perturbative quantum gravity may for-
mally be expressed in terms of its low energy vacuum and a significantly large non-perturbative
correction. In a low energy limit, a quantum Kerr vacuum (25) reduces to a 5D classical Kerr
black hole without much change in its formal geometry. Nevertheless, the spin angular momen-
tum decreases and mass of the black hole increases in the limit. A large mass may be supported
by a large string length scale
√
α′. An effective radius of spheroidal geometry in a quantum Kerr
black hole undergoes an expansion due to a growth in its mass. Interestingly, a lowest energy Kerr
vacuum in the formalism may be identified with a typical Kerr black hole in Einstein vacuum.
3.3. Emergent Kerr black hole in 5D: ansatz-I
The low energy vacuum in the emergent quantum gravity may be obtained in a large r limit.
In particular the limit is defined for r2 
 1. It truncates a quantum Kerr black hole (25) to a
classical Kerr vacuum. With a subtlety, underlying small background parameters a and b, the
low energy limit may also be refined by Δ → ρ2. For instance, the ρ20 in Eq. (20) drastically
reduces in the limit to yield:
ρ20 = 4M +
2M
ρ2
(
a2 sin2 θ + b2 cos2 θ + a
2b2
r2
)
= 2M
(
1 + Δ
ρ2
)
→ 4M. (27)
In the limit, the quantum geometry becomes
ds2 = −
(
1 − 2M
ρ2
)
dt2 + (ρ2 + 4M)dθ2 − (4
√
2)aM
ρ2
sin2 θ dφ dt
+
(
1 − 2M
ρ2
+ (a
2 sin2 θ + b2 cos2 θ)r2 + a2b2
r2ρ2
)−1
dr2
+
(
r2 + a2 + 2a
2M sin2 θ
ρ2
)
sin2 θ dφ2 − (4
√
2)bM
ρ2
cos2 θ dψ dt
+
(
r2 + b2 + 2b
2M cos2 θ
2
)
cos2 θ dψ2 + abM2 sin2 2θ dψ dφ. (28)ρ ρ
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typical Kerr black hole established as a 5D vacuum in Einstein gravity. Interestingly, the causal
patches in the quantum geometries remain unaffected in a low energy limit. They imply an exact
causal patches in a non-linear gauge theory on a D4-brane.
Alternately, the result may be viewed as an artifact of an underlying non-pertubative curva-
ture theory. The classical black hole obtained from a quantum Kerr vacuum on a brane may be
re-expressed in a familiar form [48]. It is given by
ds2 = − dt2 + ρ
2
Δ
dr2 + ρ2(dθ2 + sin2 θ dφ2 + cos2 θ dψ2)+ 2M
ρ2
dt2
+
(
a2 − b2 + 2Ma
2
ρ2
)
sin4 θ dφ2 +
(
b2 − a2 + 2Mb
2
ρ2
)
cos4 θ dψ2
− (4
√
2)aM
ρ2
sin2 θ dφ dt − (4
√
2)bM
ρ2
cos2 θ dψ dt
+ 4abM
ρ2
sin2 θ cos2 θ dψ dφ. (29)
For a = b, the deformations are simplified. It further re-confirms a generalized nature ofK, which
reduces to a Ricci scalar in a gauge choice (18). It is remarkable to note that the B2-fluctuations,
on an effective D4-brane, may describe a quantum Kerr black hole with two angular momenta in
five dimensions. The vanishing energy–momentum tensor further re-assures a vacuum solution.
4. Kerr tunneling vacua on a (DD¯)4-brane
4.1. Two form ansatz-II
A two form gauge transformation in a U(1) gauge theory generates an infinite number of
nontrivial potentials on a D4-brane. Their coupling to the gauge invariant H3 leads to a large
number of emergent quantum vacua (11) in the generalized curvature theory. Then, the gauge
choice (18) leading to an emergent Kerr black hole in five dimensions on a brane is not unique.
It is plausible to believe that an effective D-brane may describe a large number of vacua in a
landscape including some of those known in Einstein gravity.
Now, we consider a different ansatz for a two form undergoing fluctuations on a D4-brane.
For the arbitrary constants a˜ and b˜, the two form B˜2 ansatz-II may be formally be expressed in
terms of the ansatz-I for B2 in Eq. (18). They are:
B˜tr =
√
2M
Δ
−→ Btr ,
B˜rψ = b˜
√
2M
Δ
−→ 1√
Δ
[
b˜
b cos2 θ
]
Bθψ,
B˜rφ = a˜
√
2M
Δ
−→ 1√
Δ
[
a˜
a sin2 θ
]
Bθφ,
B˜rθ = ρ
(M+
Δ
− M
−
ρ2
− 2a˜
2M
Δ(r2 + a2) sin2 θ −
2b˜2M
Δ(r2 + b2) cos2 θ
)1/2
−→
(
B2rθ −
2Mρ2
[
a˜2
2 2 2
+ b˜
2
2 2 2
])1/2
. (30)Δ (r + a ) sin θ (r + b ) cos θ
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component (18), the ansatz-II may formally be expressed using the ansatz-I under an interchange
θ ↔ r and vice-versa. As a result, the angular momenta are explicitly realized with the ansatz-II
at the expense of the conserved charges with ansatz-I. It implies that the conserved charges
interplay among themselves and describe various tunneling vacua on a non-BPS brane. Thus a
quantum vacuum is not uniquely defined which is unlike to that in Einstein gravity. It is indeed in
agreement with a fact that a two form undergoes gauge transformations and hence is not unique
in a gauge theory. As mentioned, the 5D quantum Kerr vacua in an effective space–time curvature
theory of torsion may be obtained by a geometric engineering of a two form ansatz on a D4-brane
so as to address a most generalized vacuum geometry established in a five dimensional Einstein
gravity.
In other words a large number of quantum vacua emerge in a generic torsion dynamics under-
lying a non-perturbation theory of quantum gravity. They may as well describe the conjectured
landscape stringy vacua. Presumably, the quantum Kerr black holes (18) and (30) are two among
a large class tunneling vacua. It may be noted that the quantum Kerr vacua, in a low energy limit,
may formally identify their geometries with Einstein Kerr vacuum. Importantly the analysis re-
veals a non-perturbative quantum Kerr black hole on a vacuum created pair of a (DD¯)4-brane
by a quantized two form flux in a superstring theory. The formalism allows one to address the
beginning of a non-perturbative thermal de sitter brane-Universe at a Big Bang singularity [32].
4.2. Quantum Kerr geometry: ansatz-II
A vanishing torsion H3 = 0 in the gauge choice ensures a Riemannian curvature in five di-
mensions on a non-BPS brane in type IIA superstring theory. It implies that the background
fluctuations in B2, on a D4-brane, become significant in the gauge choice. In principle, they may
have their origin in a higher dimensional D-brane with a nontrivial geometric torsion. Neverthe-
less, the fluctuations do have a source in the local degrees of B2 in the string bulk. In a second
gauge choice (30), the non-zero metric components on an effective D4-brane in the prescribed
regime, i.e. ρ4 
 (M2, a4, b4) with ρ2 > (M,a2, b2), are worked out. The quantum patches on
a brane are approximated in the prescribed brane window to yield:
Gtt = −
(
1 − 2M
ρ2
)
,
Grr =
(
1 + M
−
ρ2
)−1
,
Gθθ = ρ2 +
[
M+ + Δ(1 − G−1rr )− 2Mr2
(
a˜2(r2 + b2)
Δ sin2 θ
+ b˜
2(r2 + a2)
Δ cos2 θ
)]
,
= ρ2 + ρ˜20 ,
Gφφ =
(
r2 + a2 + 2Ma˜
2
ρ2 sin2 θ
)
sin2 θ,
Gψψ =
(
r2 + b2 + 2Mb˜
2
ρ2 cos2 θ
)
cos2 θ,
Gtθ = −2M
(MΔ − a˜2(r2 + b2)2 − b˜2(r2 + a2)2
)1/2
,ρ 2M Δ sin θ Δ cos θ
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the horizon radius is inversely proportional to the background parameter: a for fixed (M,b) or b for a fixed (M,a) and
vice-versa. Thus a macroscopic black hole is defined with a large M and for extremely small a and b. It is in conformity
with the analysis under a variation of an ergo radius in Fig. 2 and is consistent with the low energy limit Δ → ρ2. Since
the causal patches do not reduce in the limit, the variations are characteristic features of a 5D quantum Kerr black hole
and its reduced geometry describing a macroscopic black hole.
Gtφ = −2a˜M
ρ2
,
Gtψ = −2b˜M
ρ2
,
Gφψ = 2a˜b˜M
ρ2
,
Gθφ = 2a˜M
ρ
(MΔ
2M
− a˜
2(r2 + b2)
Δ sin2 θ
− b˜
2(r2 + a2)
Δ cos2 θ
)1/2
,
Gθψ = 2b˜M
ρ
(MΔ
2M
− a˜
2(r2 + b2)
Δ sin2 θ
− b˜
2(r2 + a2)
Δ cos2 θ
)1/2
,
where M=
(M+
Δ
− M
−
ρ2
)
. (31)
The quantum causal patches identify themselves with that in a 5D Kerr black hole (Fig. 3).
The components of angular velocity are worked out at the event horizon, r → r+ and θ → θ+.
They are:
Ωφ = −2Ma˜
2a˜2M + ρ2(r2 + a2) sin2 θ
∣∣∣+,
Ωψ = −2Mb˜
2b˜2M + ρ2(r2 + b2) cos2 θ
∣∣∣+,
Ωθ =
(
2 + Δ − ρ
2M
− a˜
2
(r2 + a2) sin2 θ −
b˜2
(r2 + b2) cos2 θ
)1/2
+
×
(
2ρ + ρΔ
2M
− a˜
2ρ2
2 2 2
− b˜
2ρ2
(r2 + b2) cos2 θ
)−1
. (32)
(r + a ) sin θ +
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der: (θ → −θ,φ → −φ,ψ → −ψ). In addition, the geometry also possesses a symmetry,
independently, in some of its parameters under: (
√
M → −√M,a → −a, b → −b). However
for (a˜ → −a˜, b˜ → −b˜) though Ωθ does not change, the remaining two components change:
Ωφ → −Ωφ and Ωψ → −Ωψ . The quantum geometry on an effective D¯4-brane may be ob-
tained from that on an effective D4-brane under r → −r . In comparison to a Kerr black hole
(28), a brane and an anti-brane possess additional patches: (Gtθ ,Gθφ,Gθψ). In a global sce-
nario, an absence of Ramond–Ramond charge breaks the supersymmetry and leaves behind a
non-BPS brane. It is given by
ds2 = −
(
1 − 2M
ρ2
)
dt2 + ρ2
(
1 + ρ˜
2
0
ρ2
)
dθ2 + 4a˜b˜M
ρ2
dφ dψ
+
(
1 − 2M
ρ2
+ (a
2 sin2 θ + b2 cos2 θ)r2 + a2b2
r2ρ2
)−1
dr2
+
(
r2 + a2 + 2a˜
2M
ρ2 sin2 θ
)
sin2 θ dφ2 − 4a˜M
ρ2
dt dφ
+
(
r2 + b2 + 2b˜
2M
ρ2 cos2 θ
)
cos2 θ dψ2 − 4b˜M
ρ2
dt dψ. (33)
The causal geometric patches precisely correspond to a quantum Kerr black hole (24) obtained
with a different ansatz. However, the remaining geometric patches appear to differ significantly.
Though the difference modifies the angular momenta, it neither can generate an angular mo-
mentum nor can change the causal structure in the Kerr vacua. At the horizon, an appropriate
identification, i.e. a˜ = a sin2 θ+ and b˜ = b cos2 θ+, in a quantum Kerr black hole (33) may be
worked out with a subtlety to yield (Fig. 4)
ds2 = −
(
1 − 2M
ρ2
)
dt2 + (1 − 2M)ρ2 dθ2 + 4abM
ρ2
sin2 θ cos2 θ dψ dφ
+
(
1 − 2M
ρ2
+ (a
2 sin2 θ + b2 cos2 θ)r2 + a2b2
r2ρ2
)−1
dr2
+ 2M
(
1 + 1
r2
+ 1
ρ2
− a
2 + b2
r2ρ2
+ a
4 sin2 θ + b4 cos2 θ
r4ρ2
)
ρ2 dθ2
+
(
r2 + a2 + 2a
2M sin2 θ
ρ2
)
sin2 θ dφ2 − 4aM
ρ2
sin2 θ dφ dt
+
(
r2 + b2 + 2b
2M cos2 θ
ρ2
)
cos2 θ dψ2 − 4bM
ρ2
cos2 θ dψ dt. (34)
The quantum Kerr black holes (24) and (33) differ in their deformation geometries along the
θ -coordinate. They may be understood as a tunneling vacua in the quantum regime.
4.3. Emergent stringy Kerr black hole in 5D: anstaz-II
In a low energy limit the quantum Kerr vacuum (34) reduces to a Kerr black hole [48]. The
large r limit is defined with r2 
 1. It may imply Δ → ρ2. A metric component Gθθ simplifies
drastically in the regime. Interestingly, the 5D Kerr black hole maps to a classical geometry
232 S. Singh et al. / Nuclear Physics B 879 (2014) 216–234Fig. 4. Variations of event horizon rh , with (i) (M,a) and (ii) (a, b), in a 5D Kerr black hole. The 3D plots are in
agreement with that for 2D. However, the expansion in the black hole horizon is significantly larger for an increasing M
than for the decreasing a or b. Thus a macroscopic Kerr black hole, obtained in the low energy limit is defined with a
large mass rather than a large a and b.
(29) with √2Ω II → Ω I. The quantum Kerr vacua (25) and (33) undergo tunneling due to the
instabilities sourced by a B2-fluctuation and the fluxes in type IIA/B superstring theory on S1.
Nevertheless, a quantum Kerr black hole may be perceived through the tunneling vacua. The
energy released during the tunnelings sets up a low energy limit leading to Einstein Kerr vacuum.
It is given by
ds2 = −
(
1 − 2M
ρ2
)
dt2 + ρ2 dθ2 + 4abM
ρ2
sin2 θ cos2 θ dψ dφ
+
(
1 − 2M
ρ2
+ (a
2 sin2 θ + b2 cos2 θ)r2 + a2b2
r2ρ2
)−1
dr2
+
(
r2 + a2 + 2a
2M sin2 θ
ρ2
)
sin2 θ dφ2 − 4aM
ρ2
sin2 θ dφ dt
+
(
r2 + b2 + 2b
2M cos2 θ
ρ2
)
cos2 θ dψ2 − 4bM
ρ2
cos2 θ dψ dt. (35)
On the other hand, the quantum Kerr black hole (33) when viewed through a θ -sliced (say θ =
π/4) geometry for a˜ = (a/2) and b˜ = (b/2) reduces precisely to a θ -sliced typical Kerr black
hole in five dimensions. It is given by
ds2 = −
(
1 − 2M
ρ2
)
dt2 +
(
1 − 2M
ρ2
+ (a
2 + b2)r2 + 2a2b2
2r2ρ2
)−1
dr2
+ 1
2
(
r2 + a2 + a
2M
ρ2
)
dφ2 + 1
2
(
r2 + b2 + b
2M
ρ2
)
dψ2
− 2aM
ρ2
dφdt − 2bM
ρ2
dψ dt. (36)
Thus, a θ -sliced five dimensional Kerr black hole is common to both on a non-BPS brane and
in Einstein gravity. It may imply that a quantum Kerr black hole (33) does not access the full
quantum vacuum as expected from a perturbation theory of quantum gravity.
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A non-perturbation theory of quantum gravity sourced by a two form in a U(1) gauge theory
on a D4-brane was revisited to obtain the quantum Kerr vacua in five dimensions. Interestingly
the non-extremal black holes, underlying the Kerr geometries, were emergent on a pair of BPS
brane and anti-BPS brane in a global scenario. In other words, the Kerr geometries were con-
structed in a non-perturbative quantum curvature formalism, underlying a geometric torsion, on
a non BPS brane. Since a torsion is intrinsic to the formalism, the angular velocity on a brane is
nullified by that on an anti-brane. As a result, a non BPS brane geometries have been shown to
describe some of the established Einstein vacua underlying a superstring theory.
In particular, the five dimensional emergent Kerr geometries purely sourced by the back-
ground fluctuations in B2 on a non-BPS brane were constructed. The gauge choice freezes the
local degrees in a torsion, which is described by a five dimensional generalized curvature theory
on a pair of (DD¯)4-brane. A vanishing torsion may alternately be viewed as a vanishing energy–
momentum tensor in a non-linear U(1) gauge theory. Thus a two form fluctuations on a non BPS
brane enhance the possibility to map the emergent gravity in a non-perturbative formalism to a
classical vacuum presumably in Einstein gravity. Nevertheless, the background fluctuations in
five dimensions may be understood in presence of an electromagnetic field F2. It incorporates
local degrees into a non-linear global description. A local F2 may be gauged away in the gauge
theory. In addition, the background fluctuations may have their origin in a dynamical two form
and they may describe a propagating torsion in higher dimensions. A two form gauge transfor-
mations do not make the emergent geometries unique. In fact there are a very large number of
emergent quantum vacua. They have been qualitatively argued to describe the landscape vacua in
string theory. Interestingly, an emergent geometry possesses two angular momenta. The quantum
Kerr vacua in a low energy limit have been shown to describe a typical Kerr black hole in Ein-
stein vacuum. Interestingly, a quantum Kerr–Newman black hole in 4D on an effective D4-brane
on S1 is in progress by the authors.
Our investigations with a geometric torsion in a non-perturbation curvature theory may be
viewed as a construction under the conjectured M-theory in eleven dimensions. Further analysis
may suggest that a two form in a non-linear U(1) gauge theory provides a clue to the source
of dark energy. It is plausible to believe that the dark energy in a gravity theory may have its
origin in a geometric torsion sourced by a two form. In the context, the wall crossing formula
relating a single centered black hole to a multi-centred may be applied to the tunneling vacua
on a non-BPS brane to compute the black hole entropy exactly. Presumably, they would like to
enhance our understanding on the strong-weak coupling duality leading to a non-perturbative
world.
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